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Suppose G is a separable locally compact group and N is a closed normal 
subgroup. If the dual fi is smooth and the orbit space N/G is smooth for the 
natural action of G on & (L.“(n) = L(xnx-‘)), the method of G. W. Mackey (Aeta 
Math. 99 (19.58), 265-311) gives a fairly simple procedure for constructing the 
dual G. In this paper we examine an example which shows that the nonseparable 
case is much more complicated. In the example, N is abelian, fl/G is finite and even 
when the stabilizer is N there are many irreducible representations of G associated 
with the same orbit. 
I. THE GROUPS AND THE SEPARABLE RESULTS 
We denote by G, the “ax + b” group, i.e., G, is the Lie group which is the 
semidirect product IRA of the ordinary real line IR with the ordinary 
multiplicative group A of positive real numbers: (r, a)(r’, a’) = (r + ar’, au’). 
By G we shall mean the same algebraic group but with a different opology. 
Thus G is the semidirect product IRP of the ordinary real line I3 with the 
discrete group P of positive numbers: (T, p)(r’, p’) = (r + pr’, pp’). We let Z 
denote the continuous, (but not bicontinuous), isomorphism of G onto G,, 
and we use the same letter Z for the isomorphism of P onto A. We denote by 
i the injection of a into P determined by I. 
In both groups G, and G the subgroup R is closed and normal. The dual 
group 18 is a G,-space and a G-space with respect o the analogous actions: 
1 (r, a) = Au, and A (r, p) = lp, where A is the real number determining the 
character + eirA. 
The “ax + b” group, G,, is a simple and excellent example to which 
Mackey’s theory [7] applies successfully. We want to show in this paper 
how that theory fails, at least as it is presently formulated, for the group G. 
If II is a unitary representation of G,, or of G, we shall denote by Q, the 
projection-valued measure on If? associated, via Stone’s theorem to the 
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representation 71 IR. Here then are the basic results of Mackey’s theory for the 
group G,. 
PROPOSITION 1.1. There are exactly three G,-orbits in iR: 8- , (the set of 
all negative numbers), (O), and @+ (the set of all positive numbers). The 
subgroup IR is “Regularly Imbedded” in G,. 
PROPOSITION 1.2. If n is a primary representation of G,, then Q, is 
supported on some orbit d in iF? : Q,(n - 6) = 0. 
THEOREM 1.3. Let 4 be an orbit in R, I a point of 8, and H the 
stability subgroup of G, for the point A. Then there exists a one-to-one 
correspondence between the set of all unitary equivalence classes of primary 
representations n of G, for which Q, is supported on B and the set of all 
unitary equivalence classes of primary representations p of H for which p 1 F is 
a multiple of 2. Further, this correspondence is such that the commuting ring 
for a representation R of G, is isomorphic to the commuting ring for the 
corresponding representation p of H. 
THEOREM 1.4. The irreducible representations of G, are the following: 
There is the representation R- induced up to G, from the character -1 of II?, 
[x,,,,f ](a’) = e-““f (da), 
and there are the characters of the quotient group A ltfted up to G, . Finally, 
there is the representation 7c+ induced from the character 1 of iR, 
[aG,a,f ](a’) = eiro’f(a’a). 
The remainder of this paper deals with the extent o which these four basic 
results of Mackey do and do not hold for the nonseparable group G. 
II. THE FACTS FOR THE NONSEPARABLE EXAMPLE 
PROPOSITION 2.1. There are exactly three G-orbits in R, and they are 
the same as the G,-orbits: @-, {0), and 8,. Again, the group IR is regularly 
imbedded. 
PROPOSITION 2.2. If R is a primary representation of G, then Q, is 
supported on some orbit 8’ in R. 
Proof Mackey’s original proof works for this nonseparable situation just 
as in the separable case. We have 7cpQ,@) n; ’ = Q,(E . g) for all Bore1 
subsets E of R and all g in G. It then follows that Q,(8) belongs to the 
commuting ring for n and hence is 0 or I. Q.E.D. 
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We shall see that the analogs to Theorems 1.3 and 1.4 do not hold. We 
study first the irreducible representation of G. 
Clearly the characters of P, lifted to G, coincide with the set of irreducible 
representations 71 of G which are trivial on II?, i.e., for which Q, is supported 
on (0). 
If L is a nonzero real number, define the representation a, acting in L’(P), 
(uncountable I*), by 
b&,,fl(s> = e”?f(v). 
THEOREM 2.3. (i) Each ti is irreducible. 
(ii) Q,,A, is supported on the orbit 6&(l). 
(iii) 7~~’ is equivalent to R’ if and only if 1 and ,u have the same 
algebraic sign. 
ProoJ The irreducibility follows in the usual way. (Anything that 
commutes with all the r’s must be a multiplication operator, and any 
multiplication operator which commutes with all the p’s must be a constant.) 
Assertion (ii) is evident, and the unitary operator effecting the equivalence 
between ti and 71’ is given by Z?f(q) = f(q@/p)). 
We define the representations P and n- by l7* = K* ‘. These are two 
inequivalent irreducible infinite dimensional representations of G, and each 
of the R’% constructed above is equivalent o one of these. Clearly n+ and 
n- are the representations of G analogous to K+ and K-. However, Js 
together with l7+ and n- do not exhaust the dual space G. Indeed, IL+ o I 
and z- 0 I are irreducible representations of G not equivalent o any of the 
ones just listed. They have different dimensions. 
The projection-valued measures Q,,+, and Q(,+) are both supported on the 
orbit 0+, although one is related to the (invariant) counting measure while 
the other is related to the (invariant) Lebesgue measure d,I/A. A question 
which immediately comes to mind is whether there exist other (necessarily 
not sigma finite) G-invariant or G-quasi-invariant measures on @+ . We do 
not know the answer to this. It should be remarked however, (for it is 
precisely here that we feel the difference resides) that for separable groups 
there is a unique quasi-invariant measure class on such an orbit. 
It is evident then that, for a classification of irreducible representations 71 
of G, we must consider more details than just the support of Q,. The next 
theorem shows that the situation is even more delicate. 
THEOREM 2.4. Let x be a element of P which is not a continuous 
character of A. Define the representation u of G by o = X(R+ 0 I). Then Q, is 
exactly the same as QCn+O,,r but u and z+ 0 I are not equivalent. 
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Proof. The restrictions to I? of u and a+ 0 Z are precisely the same, so 
that their projection-valued measures are the same. To see that u and rr+ o Z 
are inequivalent, we examine their restrictions to the subgroup P. Let LA 
denote the regular representation of the group A. We have that 
Lb+ o &fl(Q =f@‘P) = w;.f1w7 
from which it follows that (rc+ 0 Z)lP is a direct integral of the characters in 
the u-compact subgroup i(A) relative to the image, v, of Haar measure on A 
under 1. On the other hand, (T IP is a direct integral of the characters in xf(a) 
relative to the left translate of r~ by x. Since x does not belong to f(A), these 
two direct integrals of characters are taken over disjoint measurable subsets 
of P, and so the representations are inequivalent. Q.E.D. 
An extension of the argument just given shows that, as x runs through a 
set of representatives for the cosets in P of the subgroup i(A), the 
corresponding representations u determine distinct elements of G, and yet all 
the Q,‘s are identical. A second question for which we do not have the 
answer is whether there exist even more irreducible representations 71 of G for 
which Q, is identical with Qcn+). 
The nonseparable imprimitivity theorem of Loomis [ 61 and Blattner [ I] 
does give the following. 
THEOREM 2.5. Suppose R is an irreducible representation of G for which 
Q, is supported on @+ and is atomic. Then K is equivalent to II’. 
Next we shall construct yet another irreducible representation rrof G. This 
time we can say almost nothing about Q,, not even what its null sets are. 
Let C be the subgroup of P consisting of the numbers entZnm for n and m 
integers. As a subgroup of A, we have that C is dense. 
LEMMA 2.6. There exists a Bore1 measure ,u on 0, which is singular 
with respect to Lebesgue measure, nonatomic, and quasi-invariant and 
ergodic for C. 
Proof. There exists a finite measure v on the circle which is singular with 
respect o Lebesgue measure, nonatomic, and quasi-invariant and ergodic for 
the irrational rotation ei [3-5, 81. Thinking of u as defined on the interval 
[0,27r], we can define a finite measure u’ on R, a convex combination of 
translates of v, which is singular with respect to Lebesgue measure, 
nonatomic, and quasi-invariant and ergodic for the subgroup of translations 
by n + 2xm for n and m integers. Finally, we construct he desired measure ,u 
on @+ by exponentiating v’. 
If D is the measure from the above lemma, let D be the subgroup of P 
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consisting of the elements d for which ZI . d is equivalent o p. We define a 
representation L of the group RD, acting in L’(p), by 
where p(A, d) is the square root of the Radon-Nikodym derivative of ~1 d 
with respect o ,u. 
THEOREM 2.1. The representation UL of G, induced from L, is 
irreducible and not equivalent to any of the representations mentioned above. 
Proof. If RD = G, then ,u is a finite G-quasi-invariant measure on @+ . By 
the uniqueness of the measure class of such a measure, ,u must be equivalent 
to Lebesgue measure, which it is not. Hence RD is a proper subgroup of G. 
Now RD is normal in G, and UL ((Po) is a direct sum (because G/(RD) is 
discrete) of conjugates LtPr’ of L. These conjugates of L are pairwise 
inequivalent irreducible representations of RD since L is irreducible and 
since pI not in D implies that p (p,) is not equivalent to p. That UL is 
irreducible then follows in the usual way. 
Because RD is proper, ZJL IfFD, is reducible. However, because C is dense 
in A, it follows that (nf o I) ItIFiD) is still irreducible. So rr” is not equivalent 
to x+ o I. The same argument shows that V is distinct from any ~(rr+ o I) 
for x in P. 
The restriction of Z7+ to IR decomposes as a direct sum of characters of IR, 
implying that there exists in the space of Z7+ a common eigenvector for the 
operators Ut. On the other hand V IIF. is the direct sum of the represen- 
tations LCP’) IIF. N one of these, and hence not their sum either, has a common 
eigenvector. Hence UL is not equivalent o II+. This completes the proof. 
Evidently constructions of this last sort would lead to a large variety of 
irreducibles. 
III. ANOTHER PATHOLOGY FOR G 
We have seen in the previous section that Mackey’s theory, at least as 
presently formulated, for analyzing the irreducible representations of G by 
examining their restrictions to IR is insufflcient. We conclude the paper by 
giving an example to show that Theorem 1.3 also is not valid for this group. 
Define a representation V, acting in the Hilbert space L’(@+, L2(P)), and 
given by 
[[Vcr,pjf M)lk> = ~“9-‘[f@)l(w). 
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THEOREM 3.1. V is a type II, factor representation of G. 
Proof: This is a consequence of the “Group-Measure Space” 
construction [2, Chap. I, Sect. 9.4, Theorem 11. P is a discrete group acting 
ergodically and invariantly on the measure space (@+ , &/A), and the 
exponential functions e”.’ generate L”O(@+). 
The projection-valued measure Q, is supported on e+ . Fix an element 1 of 
P+ . The stability subgroup of G for L is R. Were Theorem 1.3 true here, 
there would have to be a type II, representation of R, which is impossible. 
There is another feature of the representation V, a feature not occurring 
for separable group representations. We see that V is the direct integral over 
@+ of the representations K’ constructed in Section II. As such, V is a direct 
integral of representations, each of which is equivalent to the fixed 
irreducible representation fl +. However V is not equivalent o a multiple of 
n+, a conclusion which would follow were everything separable. Indeed V is 
of type II, while any multiple of the irreducible representation ZZ+ would be 
of type I. 
An explanation for this particular feature of V is the following. The 
statement that each R-’ is equivalent o x’ implies, in the separable case, that 
there exists a measurable way (as a function of A) of choosing operators T-’ 
effecting the equivalences. This kind of measurable selection theorem is 
simply not available in the nonseparable case; i.e., it is not always true in 
general. 
We conclude with some questions. What is the spectrum of V, i.e., which 
irreducible representations of G are weakly contained in V? Does the 
spectrum of V, or the spectrum of n+ for that matter, contain the characters 
of P? What is the structure of the C* algebra C*(V) = V(C*(G))? Could it 
be that this C* algebra has a single-point dual space, @I+?), and yet is not 
an algebra of compact operators? 
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